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containing beta phase precipitates
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Mode-I fracture behavior of fully-lamellar polycrystalline γ -TiAl + α2-Ti3Al intermetallic
alloys and the role of Ti-V base β-phase precipitates of different thermodynamic stability
have been studied using a finite element method. A rate-dependent, finite-strain,
crystal-plasticity based materials constitutive model is used to represent the deformation
behavior of both the γ -TiAl + α2-Ti3Al lamellar matrix and the β-phase precipitates. Within
the matrix colonies, fracture is assumed to take place throughout the α2-Ti3Al lamellae. In
addition, fracture along colony boundaries and matrix/precipitate interfaces is considered.
The constitutive behavior of all fracture interfaces is modeled using a cohesive-zone
formulation. The analysis is carried out using the commercial finite element program
Abaqus/Standard within which the material state is integrated using an Euler-backward
implicit formulation. The results obtained show that the main mechanism of crack growth
is nucleation of secondary cracks along α2-Ti3Al lamellae ahead of the main crack and their
subsequent link-up with the tip of the main crack. The resulting fracture resistance curve
acquires the characteristic step-wise shape. Both stable and metastable β-phase
precipitates are found to have a beneficial effect on the fracture resistance of the material.
However, the effect is not very significant and metastable β-phase precipitates appear to be
a little bit more beneficial. All these findings are consistent with their experimental
counterparts. C© 2002 Kluwer Academic Publishers

1. Introduction
Titanium aluminides, due to their low density, high
oxidation resistance and excellent retention of strength
at high temperatures, are being currently considered as
replacement materials for nickel-based superalloys in
some sections of advanced jet engines. Consequently,
over the last two decades a large variety of titanium
aluminide microstructures have been developed. The
most promising microstructures developed are gen-
erally referred to as fully-lamellar, nearly-lamellar
and duplex. The fully lamellar microstructure con-
sists of colonies (or grains) containing aligned platelets
(lamellae) of γ -TiAl and α2-Ti3Al intermetallic phases
[1]. In the case of the nearly-lamellar microstruc-
ture, the boundaries of γ -TiAl + α2-Ti3Al colonies
and, in particular, three-colony junctions are decorated
with fine γ -TiAl grains [1]. The duplex microstruc-
ture consists of a mixture of equiaxed γ -TiAl grains
and γ -TiAl + α2-Ti3Al colonies [1]. The mechanical
properties, in particular fracture toughness and tensile
ductility, are greatly affected by the microstructure of
TiAl-based materials. For example, at comparable lev-
els of the tensile strength, fully lamellar material gen-
erally possesses higher fracture toughness, but lower
tensile ductility in comparison to the nearly-lamellar or
duplex materials. In the present work only the fully-
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lamellar titanium aluminides are considered. How-
ever, these materials are allowed to contain fine-scale
(∼10 µm) dispersions of the β-Ti-V based phase of
various thermodynamic stability with respect to the or-
thotropic α′′-martensite. As demonstrated by Grujicic
and Dang [2], such β-phase dispersions can give rise to
significant improvements in materials fracture tough-
ness and tensile ductility.

The microstructure of individual γ -TiAl + α2-Ti3Al
colonies consists of parallel γ -TiAl and α2-Ti3Al
lamellae with the lamellar orientation varying from
colony to colony. The α2-Ti3Al phase is generally the
minor phase whose volume fraction is typically less
than 20 vol%. The lamellae of the two phases gen-
erally do not alternate. Rather, several lamellae of
the crystallographically-related variants of the γ -TiAl
phase separate the adjacent α2-Ti3Al lamellae. The
β-phase particles are, in general, preferentially located
at three-colony junctions [2].

Experimental investigation of fracture in the fully-
lamellar TiAl-based materials has been the subject
of many studies over the last decade. These studies
have yielded the following main observations: (a) frac-
ture toughness is affected by the lamellar spacing and
the colony size [1, 3, 4]; (b) fracture toughness of
fully-lamellar materials in the single-crystalline form
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(polysynthetically-twinned single crystals) is highly
anisotropic and is controlled by the lamellar orienta-
tion [5]; (c) a number of toughening mechanism can be
operational [2, 6]; (d) ternary and quaternary alloy addi-
tions can considerably enhance the fracture toughness
[7]; (e) fracture occurs either within the α2-Ti3Al lamel-
lae [8] or along α2/γ lamellar interfaces and colony
boundaries [1, 4, 9].

Over the last decade, extensive computer modeling
and simulations of deformation and fracture phenom-
ena in the TiAl-based materials have also been con-
ducted. Only the studies most closely related to the sub-
ject of the present work are reviewed here. A detailed
two-dimensional crystal plasticity analysis of defor-
mation of polycrystalline γ -TiAl + α2-Ti3Al materi-
als is carried out by Kad et al. [10, 11]. This analy-
sis was subsequently extended by our group to include
fracture along colony boundaries [12, 13], the three-
dimensional effects [14, 15] and the effect of marten-
sitic transformation in a secondary-phase dispersion
[16, 17]. In these studies no explicit account of the
lamellar microstructure is made. Rather a homogeniza-
tion procedure is used to determine the effective proper-
ties of the γ -TiAl + α2-Ti3Al lamellar microstructure.
Recently Arata et al. [18–20] conducted an in-depth fi-
nite element analysis of fracture initiation and crack
propagation in multi-colony fully-lamellar materials
with different lamellar orientations. In their analy-
sis, Arata et al. [18–20], used a cohesive-zone frame-
work [21, 22] to induce preferential fracture through
the α2-Ti3Al phase while the deformation behavior of
γ -TiAl + α2-Ti3Al lamellae is modeled using either a
linear isotropic or a viscoplastic constitutive model. The
study reveals the complex and interactive roles mate-
rials properties (e.g., strength and fracture toughness)
and the presence of tough inter-colony boundaries play
in controlling crack nucleation, crack-path selection as
well as the dominant toughness mechanisms. The role
of anti-plane shear (Mode III) on fracture behavior of
lamellar γ -TiAl has been analyzed in two recent studies
[23, 24].

In the present paper, the (normal Mode I) fracture
analysis of Arata et al. [18–20] is extended to include
the effect of stable and metastable β-phase discrete par-
ticles located along the colony boundaries and three-
colony junctions. In addition, deformation behavior of
the γ -TiAl + α2-Ti3Al lamellae is modeled using the
crystal-plasticity model of Grujicic and Batchu [14]
which incorporates the effect of plastic anisotropy, the
phenomenon which must be considered in order to
model incompatibilities in plastic flow between the ad-
jacent lamellar colonies.

The organization of the paper is as follows: A simpli-
fied geometric model used to represent the microstruc-
ture of the fully lamellar material containing β-phase
dispersions is discussed in Section 2.1. A brief overview
of the constitutive law for the γ -TiAl + α2-Ti3Al lamel-
lae is given in Section 2.2. The finite element procedure
used is discussed in Section 2.3. The main results ob-
tained in the present work are presented and discussed
in Section 3. The key conclusions resulted from the
present study are summarized in Section 4.

2. Computational model
2.1. Microstructural model
A schematic of the local microstructure consisting of
three neighboring γ -TiAl + α2-Ti3Al lamellar colonies
and a β-phase particle located at the three-colony junc-
tion is shown Fig. 1a. This microstructure is further sim-
plified in the present work as shown in Fig. 1b. Lamellar
colonies are assumed to have a regular hexagonal shape
and to be all of the same size (diameter = 200 µm).
Dispersed β-phase particles are assumed to be located
only at the three-colony junctions, to be of hexago-
nal shape and to have same size (diameter = 100 µm).
Transcolony fracture is assumed to occur within the α2-
Ti3Al lamellae and since α2-Ti3Al lamellae are very
thin (typically ∼1 µm), they are not considered ex-
plicitly. Rather, they are replaced with planar cohesive
surfaces and their contribution to deformation is ac-
counted for by properly modifying the constitutive re-
lations for the γ -TiAl phase. Thus, the microstructure

Figure 1 (a) A schematic of the microstructure near a three-colony junc-
tion in a γ -TiAl + α2-Ti3Al material containing dispersion of β-phase
particles and (b) the microstructural model used in the present work.
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of each colony is represented as a sequence of planar
surfaces (represent the α2-Ti3Al lamellae) which di-
vide the colony in a number of (α2-modified) γ -TiAl
platelets. The multivariant nature of the γ -TiAl lamel-
lae between the adjacent α2-Ti3Al surfaces is not con-
sidered. Instead, they are considered as one continuous
phase. To incorporate the effect of microstructural vari-
ability, the α2-planar boundary of the adjacent colonies
are assigned different orientations and their spacing and
position are set at random. Thus, α2-planar boundaries
in one colony are not, in general, connected with the
ones in the adjacent colony.

To mimic the overall brittleness of the lamellar struc-
ture, cohesive surfaces are placed along all colony
boundaries and matrix/precipitate interfaces. To pro-
mote fracture along the α2-phases, low values are as-
signed to their cohesive strength and the work of separa-
tion. In accordance with our experimental observations
[2], considerably higher values of the cohesive strength
and the work of separation are assigned to the ma-
trix/precipitate interfaces. This substantially lowered
the probability for fracture throughout these interfaces.
The lamellar-colony boundaries are assigned interme-
diate fracture properties and, hence, they are made a
potential crack path in addition to the α2-lamellae.

In summary, the microstructural model used in the
present work, Fig. 1b, has the following defining
features:

(a) It is two dimensional in nature and, hence, can
not account for out-of-plane lamellae misorientations
which may play an important role in deformation and
fracture;

(b) It approximates the shape of the lamellar colonies
and dispersion particles as perfect hexagons and as-
sumed that all colonies and all dispersion particles are
of the same size;

(c) It neglects the finite width of the α2-lamellae; and
(d) It neglects the multi-variant nature of the γ -TiAl

lamellar structure between the adjacent α2-lamellae.

2.2. Materials constitutive relations
2.2.1. Cohesive surfaces
The constitutive behavior of the cohesive surfaces is
represented by the following traction (T ) verses dis-
placement (�) law which was originally proposed by
Xu and Needleman [22]:
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where the subscripts n and t denote normal and tan-
gential surface separations, σmax and τmax represent re-
spective maximum sustainable normal and shear trac-
tions occurring at characteristic surface separations, δn

and δt , and φn and φt are the corresponding works of
complete separation under pure normal and pure shear
conditions. �∗

n (set to zero in the present work) repre-
sents the value of �n after complete shear separation
under Tn = 0.

The normal and tangential displacements,�n and�t ,
are defined as �n = n · � and �t = t · � where n and t
represent respectively unit vectors normal and tangen-
tial to the respective cohesive-surface segment in the
current configuration; � represent the surface separa-
tion vector associated with the same surface segment
and the raised dot denotes the scalar product.

For a given pure normal or shear mode of surface
separation, σmax (or τmax), δ and φ are mutually related
and hence only two out of three cohesive surface pa-
rameters (in each case) are independent and need to be
specified. The work of separation governs the macro-
scopic fracture toughness of the materials and hence,
φn and φt can be assessed using experimentally deter-
mined mode I and mode II critical stress intensely fac-
tors, KIc and KIIc. However, separate φn and φt values
are needed for α2-Ti3Al lamellae, γ -TiAl + α2-Ti3Al
colony boundaries and matrix/precipitate interfaces for
which the corresponding KIc and KIIc data are presently
not available. As far as the cohesive strengths, σmax and
τmax, and the characteristic surface separations, δn and
δt , are concerned, they can be determined using vari-
ous theoretical approaches such as atomic-scale simu-
lations [e.g., 12]. However, since continuum plasticity
(including the local crystal plasticity model used in the
present work) limits the maximum attainable stress lev-
els at the crack tip, values for σmax and τmax (in the range
of the materials strength) lower than their theoretical
counterparts are used in the present work. Such values
are found to give reasonable prediction for fracture be-
havior in structural metals [25]. Furthermore, since the
mesh size needed to resolve the crack-tip fields scale
with the characteristic surface separations, computa-
tional tractability demanded the use of δn and δt val-
ues considerably larger than their atomistic-simulation
counterparts.

The cohesive-surface parameters for the α2-planar
surfaces, γ -TiAl matrix/β-Ti-V precipitate interfaces
and γ -TiAl + α2-Ti3Al colony boundaries as proposed
by Arata et al. [18–20] are summarized in Table I. It
should be noted that for all surfaces it is assumed that
φn = φt and δn = δt . A parametric study of the effect of
magnitudes of the cohesive surface parameters is not
carried out in the present work.

2.2.2. Continuum phases
The constitutive responses of the γ -TiAl + α2-Ti3Al
lamellar matrix and of the β-phase precipitates are rep-
resented using the crystal-plasticity models recently
proposed by Grujicic and Zhang [12, 13] and Grujicic
and Batchu [14]. Only the model of Grujicic and
Batchu [14] for (polysynthetically-twinned) γ -TiAl +
α2-Ti3Al single crystals will be reviewed here since
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T ABL E I Cohesive-surface parameters forα2-Ti3Al planar interfaces,
γ -TiAl + α2-Ti3Al colony boundaries and γ -TiAl/β-Ti-V interfaces

Interface/Boundary

Lamellar- γ -TiAl/
colony β-Ti-V

Parameter Units α2-Ti3Al boundaries interfaces

Work of separation (J/m2) 407.75 6,524.00 6,524.00
φn = φt

Normal strength (GPa) 1.00 2.50 4.06
σmax

Shear strength (GPa) 2.33 9.32 9.32
τmax

Characteristic (µm) 0.150 0.375 0.600
surface separation
δn = δt

it represents is a generalization of the model pro-
posed by Grujicic and Zhang [12, 13]. The model
of Grujicic and Batchu [14] can be characterized a
rate-dependent, isothermal, elastic-viscoplastic, finite-
strain, crystal-plasticity model. It incorporates the
experimental observation [e.g., 12] that plastic de-
formation in polysynthetically-twinned γ -TiAl + α2-
Ti3Al single crystals parallel to the γ -TiAl + α2-Ti3Al
lamellar interfaces is substantially easier (the soft
mode) than deformation normal to these interfaces
(the hard mode). Grujicic and Batchu [14] postu-
lated that the soft-mode plastic deformation behavior
of polysynthetically-twinned γ -TiAl + α2-Ti3Al sin-
gle crystals is controlled by the {111} 〈11̄0〉 slip sys-
tems of γ -TiAl with the slip direction parallel with
the lamellar interfaces, while the hard mode plastic
deformation is taken to be controlled by the {112̄1}
〈112̄6〉 slip of α2-Ti3Al. Within the model, each mate-
rial point is assumed to contain a single material whose
response is obtained by proper homogenization of the
two constituent phases, γ -TiAl and α2Ti3Al. The (ini-
tial) reference configuration in this material is taken
to consist of a mixture of two perfect stress-free crys-
tal lattices and the embedded material. The position
of each material point in the reference configuration is
given by its position vector X . In the current configu-
ration, each material point is described by its position
vector, x , and hence, mapping of the reference con-
figuration into the current configuration is described
by the deformation gradient, F = ∂x/∂ X . In order to
reach the current configuration, the reference configu-
ration must be deformed both elastically and plastically
and, hence, the total deformation gradient can be multi-
plicatively decomposed into its elastic, Fe, and plastic,
Fp, parts as F = Fe Fp. In other words, the deformation
of a (polysynthetically-twinned) single-crystal material
point is considered to be the result of two indepen-
dent atomic-scale processes: (i) an elastic distortion of
the crystal lattice(s) corresponding to the stretching of
atomic bonds and; (ii) a plastic deformation which is
the result of crystallographic slip and which leaves the
crystal lattice(s) undisturbed.

The constitutive model of Grujicic and Batchu [14]
is based on the following governing variables: (i) The
Cauchy stress, T ; (ii) The deformation gradient, F ;
(iii) Crystal slip systems, labeled by integers α. Each

slip system is defined by a unit slip-plane normal nα
0 ,

and a unit vector mα
0 aligned in the slip direction, both

defined in the reference configuration; (iv) The plastic
deformation gradient, Fp, with det(Fp) = 1 (plastic de-
formation by slip does not give rise to a volume change)
and; (v) The slip system deformation resistance sα > 0
which has the units of stress.

Based on the aforementioned multiplicative decom-
position of the deformation gradient, the elastic defor-
mation gradient Fe which describes the elastic distor-
tions and rigid-body rotations of the crystal lattice, can
be defined by:

Fe ≡ FFp−1, det Fe > 0. (4)

The plastic deformation gradient, Fp, on the other hand,
accounts for the cumulative effect of shearing on all slip
systems in the crystal.

Since elastic stretches in intermetallic materials such
as γ -TiAl and α3-Ti3Al are generally small, the consti-
tutive equation for stress under isothermal conditions
can be defined by the linear relation:

T ∗ = C[Ee] (5)

where C is a fourth-order elasticity tensor, and Ee and
T ∗ are respectively the Green elastic strain measure and
the second Piola-Kirchhoff stress measure relative to
the isoclinic configuration obtained after plastic shear-
ing of the lattices as described by Fp.

The evolution equation for the plastic deformation
gradient is defined by the plastic velocity gradient, Lp,
as:

Lp = Ḟp Fp−1 =
∑

β

γ̇ α Sα
0 , Sα

0 = mα
0 ⊗ nα

0 , (6)

where Sα
0 is the Schmid tensor and ⊗ denotes the ten-

sorial product of the vectors.
The plastic shearing rate γ̇ α on a slip system α is de-

scribed using the following simple power-law relation:

γ̇ α = ˙̃γ
|τα|1/m

|Sα| sign(τα) (7)

where ˙̃γ is a reference plastic shearing rate, τα and
sα are the resolved shear stress and the deformation
resistance on slip system α, respectively and m is the
material rate-sensitivity parameter.

Since elastic stretches in intermetallic materials are
generally small, the resolved shear stress on slip system
α can be defined as:

τα = T ∗ · Sα
0 (8)

where the raised dot denotes the scalar product between
two second order tensors.

Finally, the slip system resistance is taken to evolve
as:

Ṡα
∑

β

hαβ |γ̇ β | (9)

where hαβ describes the rate of strain hardening on
the slip system α due to the shearing on the coplanar
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(self-hardening) and non-coplanar (latent-hardening)
slip systems β and is given the following simple form:

hαβ = qαβhβ (10)

where hβ denotes the self-hardening rate while qαβ is
a matrix describing the latent hardening behavior for
which the following simple form is adopted:

qαβ =
{

1 if α and β are coplanar slip systems,
q1 otherwise

(11)
The self-hardening rate hβ is defined as:

hβ = hβ

0

∣∣∣∣∣1 − Sβ

Sβ
s

∣∣∣∣∣
τ

sign

(
1 − Sβ

Sβ
s

)
. (12)

where hβ

0 is the initial hardening rate and Sβ
s the satura-

tion slip deformation resistance and r a power exponent.
The finite element analysis of fracture in the material

at hand requires integration of the state of γ -TiAl + α2-
Ti3Al matrix and β-phase precipitate materials rep-
resented by Equations 4–12 along the loading path.
An Euler-backward implicit formulation is used in the
present work. A detailed description of this procedure
and its implementation in a user material (UMAT) sub-
routine of the finite element package Abaqus/Standard
[24] is given in our previous work [2].

2.3. Slip geometry
2.3.1. γ -TiAl + α2-Ti3Al lamellar phase
It is well-established experimentally [e.g., 1] that
γ -TiAl and α2-Ti3Al lamellae have the follow-
ing orientation relationship: (0001)α2//{111}γ and
〈1120〉α2//〈110〉γ and that the lamellae interfaces are
parallel to (0001)α2//{111}γ . To make the computations
tractable, full three-dimensional crystal plasticity be-
havior of the γ -TiAl + α2-Ti3Al material (as well as

Figure 2 The projected slip systems used in the present finite element analysis of (a) the γ -TiAl + α2-Ti3Al matrix and (b) β-phase precipitates.

that of the β-phase) is not carried out. Rather, follow-
ing Kad et al. [10], a two-dimensional approximation
is used within which the γ -TiAl + α2-Ti3Al material is
projected onto a (121)γ //(1010)α2 plane. Within such
two-dimensional model, in-plane slip is controlled by
three slip systems: (a) The projected 〈110]{111}γ slip
system which controls the soft-mode slip, and (b) and
(c) two projected (1121)[1126]α2 pyramidal slip sys-
tems which control the hard-mode plastic deformation.
As shown in Fig. 2a, the slip directions corresponding
to these three slip systems designated as m1, m2, and m3
form an isosceles triangle with an angle φ∼58◦ between
the soft and the hard slip systems. The crystal-plasticity
materials constitutive parameters for the γ -TiAl + α2-
Ti3Al lamellar-matrix phase used in the present work
are the ones recently reported by Grujicic and Batchu
[14] and, hence, are not presented here.

2.3.2. Stable β-Ti-V dispersed phase
The stable β-phase dispersed particles have the b.c.c.
crystal structure in which slip occurs in four 〈111〉 di-
rections on {110}, {112} and {123} planes. The in-plane
slip in this phase is simplified in the following way: The
four 〈111〉 directions are projected on an arbitrary plane
associated with the [001] zone axis resulting in four slip
systems m1, m2, m3 and m4 Fig. 2b. The Miller indices
of this plane (730) are generated using a random number
generator. The angles between these four slip systems
given in Fig. 2b are kept fixed for all β-phase particles.
However, the orientation of each particle is made dif-
ferent by selecting the Euler angle ψ at random. The
crystal-plasticity parameters for the stable Ti-V-base
β-phase have been recently reported by Grujicic and
Sankaran [127] and, hence, are not given in the present
paper.

2.3.3. Metastable β-Ti-V dispersed phase
The metastable β-phase undergoes a b.c.c. → h.c.p.
martensitic transformation under stress. According to
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Burgers [28], the b.c.c. → h.c.p. martensitic transfor-
mation can be described in terms of two elemental
processes: (a) shuffling of the parallel adjacent (110)
planes in the opposite [11̄0] direction and (b) pure
shear on the {112̄} planes in the 〈111〉 directions.
The shuffling produces the required h.c.p.-type ABAB
stacking of the close packed (0001)h.c.p. planes and
causes a volume change but does not give rise to
shear. The transformation shear, on other hand, con-
verts the irregular-hexagonal atomic arrangement in the
(110)b.c.c. planes into the regular-hexagonal atomic ar-
rangement in the close packed (0001)h.c.p. planes. Since
for the b.c.c. → h.c.p. transformation to take place both
shuffling and pure shear have to occur, and the shear
directions 〈111〉 are the same as those for slip, the
b.c.c. h.c.p. transformation can be modeled as crystal-
lographic slip which produces not only shear but also
dilation [12, 13]. However, the fact that in metastable
β-phase, crystallographic slip and the b.c.c. → h.c.p.

Figure 3 (a) Computational domain partitioned into hexagonal colonies; (b) Finite element discretization of the innermost region and the surrounding
region of the computational domain; (c) cohesive-zone boundaries and interfaces used to study fracture in the material without β-phase precipitates;
and (d) same as in (c) but in the material containing β-phase precipitates.

martensitic transformation operate simulataneously as
deformation mechanisms and that the relative contri-
butions of the two to the overall plastic strain changes
during loading, makes modeling of the constitutive re-
sponse of the metastable β-phase quite challenging
[12, 13]. In the present work, the approach of Grujicic
and Zhang [12, 13] is utilized within which the effect
of martensitic transformation is included through mod-
ification of the velocity gradient term, Equation 6. A
modified velocity gradient term, Lp∗, is introduced as:

Lp∗ = Lp = f (εp)

(
2

3
sym Lp · sym Lp

)
I (13)

where Lp is given by Equation 6, I is the second order
identity tensor and the function f (εp) incorporates the
experimental observation [2] that the martensitic trans-
formation in the metastable β-phase initially dominates
plastic behavior, while at larger levels of the equivalent
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plastic strain, εp, the crystallographic slip becomes the
dominant mode of deformation. The following f (εp)
function for the Ti-V β-phase, originally derived by
Grujicic and Sankaran [25] is used in the present work:

f (εp) =
{
15.105(εp)2 − 1.55εp + 0.040 εp � 0.048
0 εp ≥ 0.048

}
(14)

In order to account for dynamic softening which dom-
inates transformation in its early stages and static
hardening which dominates transformation in its later
stages, the self-hardening rate, Equation 12, is redefined
as [12, 13]:

hβ = −16,180.349(γ β)3 = 2,586.213(γ β)2

− 89.884γ β − 1.802 × 109 (15)

where γ β is the accumulated shear strain associated
with slip system β in the β-phase. The remaining
crystal-plasticity parameters for the metastable β-phase

Figure 4 (a) Normal stress, σ22 (Pa); (b) pressure, −σh (Pa); (c) equivalent plastic strain, ε̄pl; and (d) total lattice rotation angle, �ψ , contour plots
in the γ -TiAl + α2-Ti3Al without β-phase precipitates at the stress intensity factor KI/K α2

Ic0 = 4.0. (Continued.)

are given in reference [27], It should be noted that Equa-
tion 15 reduces the overall hardening rate but does not
generally cause the hardening rate to become negative
and, hence, the field equations retain their ellipticity
during simulations.

2.4. Multi-colony finite element method
2.4.1. Finite element meshes
Mode-I fracture in γ -TiAl + α2-Ti3Al fully lamellar
structure without and with a dispersion of the β-phase
precipitates is analyzed using a 4,330 µm × 4,500 µm
computational domain. The domain is partitioned into
hexagonal cells of equal size (200 µm), Fig. 3a. Each
cell is set to represent a γ -TiAl + α2-Ti3Al lamel-
lar colony. The computational domain is next divided
into two regions: the innermost 866 µm × 900 µm re-
gion and the surrounding square-frame shaped region,
Fig. 3a. Both of these regions are discretized using
3-node plane-strain elements (CPE3-Abaqus designa-
tion). The angles and edge sizes of the triangular ele-
ments are selected in such a way that 24 neighboring
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Figure 4 (Continued.)

elements form a perfect hexagon. The edge sizes of the
elements in the inner region of the computational do-
main are set to be one half of the ones in the outer region,
Fig. 3b. The inner region is divided into 2,880 CPE3
elements while the outer region into 17,280 CPE3 ele-
ments. Each hexagonal cell in the inner region is defined
in terms of 96 elements, while a cell of the same size
in the outer region is set to contain only 24 elements.
Next, two α2-Ti3Al planes boundaries are assigned to
each hexagonal cell within the inner region. The ori-
entation of these boundaries is selected at random be-
tween the four possible orientations: 0◦, 30◦, 90◦ and
150◦, relative to the horizontal x-axis. The spacing and
the location of the two α2Ti3Al planar boundaries is
also assign at random, Fig. 3c.

The same finite element mesh was used to study frac-
ture in γ -TiAl + α2-Ti3Al containing β-phase particles.
However, in addition to hexagonal cells used to repre-
sent the lamellar colonies discussed earlier, nine smaller
(100 µm) hexagonal cells are defined in the inner com-
putational region, Fig. 3d. The later cells are placed
at the three-colony junctions formed by cells of the

former type. CPE3 elements are used to define each
β-phase hexagonal cell, giving rise to an effective vol-
ume fraction of the β-phase of 0.0625 within the inner
computational region.

As discussed earlier, interfacial finite elements are
placed along all fracture surfaces. The stiffness matrix
of these elements is derived in terms of the correspond-
ing cohesive-zone parameters and implemented in the
user element (UEL) subroutine of Abaqus [26]. A de-
tail account of this procedure is presented in our recent
work [12].

2.4.2. Boundary conditions
The initial configuration of the computational crystal
is assumed to be stress-free and not to contain any lat-
tice perturbation. The multi-colony aggregates shown
in Fig. 3c and d are assumed to contain a (fatigue-
induced) crack. This crack is notated as the initial crack
and its location is shown in Fig. 3c and d. In each case,
the computational domain is loaded by prescribing the
mode-I displacements along its outer boundary.
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3. Results and discussion
3.1. Beta-phase free γ -TiAl + α2-Ti3Al

material
In this section, the results of the finite element analysis
of the mode I fracture behavior of the γ -TiAl + α2-
Ti3Al material free of β-phase precipitates are pre-
sented and discussed.

The normal stress σ22, the hydrostatic pressure −σh ,
the equivalent plastic strain εp and the total lattice rota-
tion angle �ψ contour plots in the inner region of the
computational domain at the normalized stress intensity
factor KIc/K α2

Ic0 = 4.0 are shown in Fig. 4a–d, respec-
tively. The critical stress intensity factor, K α2

Ic0, used in
the definition of the normalized stress intensity factor,
KI/K α2

Ic0, is defined as:

KIc0 =
√

Eα2φα2
n

1 − να2
(16)

and corresponds to the unstable crack growth along
the α2-Ti3Al planar surfaces in the absence of plastic
deformation.

Examination of Fig. 4a shows that the normal stress
σ22 has the highest positive (tensile) values right in front
of the crack tip. In fact, as expected, the entire region
to the right of the crack tip experiences high tensile
stresses. It should be noted that the initial crack has
extended along the α2-Ti3Al planar interface in the γ -
TiAl + α2-Ti3Al colony located to be right of the tip
of initial crack. Further examination of Fig. 4a shows
some relaxation of the normal stress in the wake of the
crack.

The results shown in Fig. 4b indicate that the largest
values of the negative pressure (tensile hydrostatic

Figure 5 Crack trajectory at four levels of the normalized stress intensity factor KI/K α2
Ic0 of (a) 0.77; (b) 1.67; (c) 2.53; and (d) 4.00 in γ -TiAl + α2-Ti3Al

without β-phase precipitates.

stress) are found in the region ahead of the crack tip.
This high value of the tensile hydrostatic stress is re-
sponsible for the continuing crack advancement.

Examination of Fig. 4c reveals that the equivalent
plastic strain is not only non-uniformly distributed
at the length scale of the inner computational region
but also within individual γ -TiAl + α2-Ti3Al colonies.
This finding is fully consistent with the fact that the
local extent of plastic deformation is controlled by the
orientation of the slip systems (particularity the ones
associated with the “soft” mode slip) relative to the
applied stress field and by the constraints imposed by
the surrounding colonies. The effect of constraints im-
posed by the surrounding colonies to be plastic defor-
mation of a given colony can be further inferred from
the total lattice rotation angle contour plot shown in
Fig. 4d. The results shown in this figure show that in
general the lattice rotation is non-uniform throughout
the colony and that due to incompatibilities in plastic
deformation and the resulting constraints imposed by
the surrounding colonies on the plastic deformation of
a given colony, the lattice rotation angles in the adja-
cent colonies are generally mutually comparable near
three-colony junctions.

The crack extension and the selection of fracture
path as a function of the increasing applied normal-
ized stress intensity factor KIc/K α2

Ic0 in the γ -TiAl + α2-
Ti3Al material free of β-phase precipitates are shown in
Fig. 5a–d. The corresponding fracture-resistance plot
showing the extension of the main-crack tip, �a, as a
function of the applied normalized stress intensity fac-
tor, KIc/K α2

Ic0, is shown in Fig. 6a. To improve clarity
of Fig. 5a–d, a displacement magnification factor of 5
is used and only the portion of the inner computational

2957



domain containing the crack trajectory is shown. Also,
the colony boundaries and α2-Ti3Al lamellar surfaces
are shown in order to help establish relationships be-
tween the materials microstructure and the crack path.
The tip of the crack is arbitrarily defined as the location
at the cohesive surface at which �n = 2δn .

At the lowest level of the normalized stress intensity
factor KIc/K α2

Ic0 = 0.77, Fig. 5a, the main crack has not
advanced from its initial position. However, decohesion
along the α2-Ti3Al planar surface in the γ -TiAl + α2-
Ti3Al colony just to the right of the crack tip of the
initial crack is evident. Thus in addition to the main
(initial) crack, the material contains at least one sec-
ondary crack. Since the fracture-resistance plot reflects
the behavior of the main crack, the applied stress in-
tensity factor increases while the extension of the tip
of the main crack is minimal in this regime of material
fracture, Fig. 6a.

Figure 6 Variation of the crack tip advancement as a function of the ap-
plied normalized stress intensity factor in the γ -TiAl + α2-Ti3Al without
β-phase precipitates, (a), with stable β-phase precipitates, (b); and with
metastable β-phase precipitates, (c).

As the applied stress intensity factor increases, the
ligament which separates the tip of the main (initial)
crack and the secondary crack in the γ -TiAl + α2-Ti3Al
colony just ahead of the tip of the main crack experi-
ences an increasing loading. Consequently, at a suffi-
ciently high level of the applied stress intensity factor,
the ligament gives away and the main crack and the
secondary crack connect. The resulting crack morphol-
ogy is shown in Fig. 5b. In addition, at the instant when
the two cracks connect, the main crack experiences an
abrupt increase in its length at an effectively constant
level of the applied stress intensity factor, Fig. 6b.

As the applied loading is further increased, no no-
ticeable extension of the tip of the main crack takes
place. Some decohesion along the colony boundaries
just ahead of the main-crack tip takes place. How-
ever, this decohesion is still in the stable region (i.e.,
�n < δn) and hence, does not result in crack-tip exten-
sion. In addition, considerable decohesion takes place
along two α2-Ti3Al planar surfaces in two γ -TiAl + α2-
Ti3Al colonies to the right and somewhat lower rela-
tive to be branched main crack. In this region of crack
growth, the applied normalized stress intensity factors,
KIc/K α2

Ic0, increases while the resulting crack-tip exten-
sion is minimal, Fig. 6a.

As the applied normalized stress intensity factor
KIc/K α2

Ic0 is further increased, the colony-boundary lig-
ament separating the main-crack tip and the secondary
cracks ahead of it, undergoes a complete decohesion
giving rise to a link up between the main crack and
the secondary cracks, Fig. 5d. Consequently, the crack
tip undergoes a significant advancement at an essen-
tially constant level of the applied stress intensity factor,
Fig. 6a.

These observations are quite consistent with their ex-
perimental counterparts in a fully-lamellar Ti-46.6 at.%
Al alloy recently reported by Chan et al. [7], Chan
et al. [7] carried out fracture toughness measurements
on compact tension specimens in an scanning elec-
tion microscope (SEM) equipped with a loading stage.
Both the fracture resistance (the stress intensity fac-
tor, KI, versus the crack extension, �a) curves and
the crack trajectories were determined. The determi-
nation of the latter was carried out by directly ob-
serving one of the (previously polished and etched)
side surfaces of a fatigue-pre-cracked compact tension
specimens. This enabled establishment of correlations
between the crack path and the attending materials
microstructure. The main observations made by Chan
et al. [27] can be summarized as followings:

(a) Crack advance within the lamellar colonies pro-
ceeds exclusively along the α2-Ti3Al lamellae with
very little evidence of plastic deformation at the crack
tip;

(b) The predominant mechanism of crack advance-
ment at a length scale larger than the average lamellar-
colony size appears to be nucleation of micro-cracks
ahead of the main crack and the subsequent linking up
of the micro-cracks and the main crack.

(c) When a crack traverses the colony and reaches
a colony boundary, its ability to advance into the
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Figure 7 (a) Normal stress, σ22; (b) pressure, −σh ; (c) equivalent plastic strain, ε̄pl; and (d) total lattice rotation angle, �ψ , contour plots in the
γ -TiAl + α2-Ti3Al containing stable β-phase precipitates at the stress intensity factor KI/K α2

Ic0 = 4.0. See Fig. 4a–c for the corresponding legends.

neighboring colony depends greatly on misorientation
of the α2-Ti3Al lamellae across the colony boundary.
That is, when this misorientation is small, the crack
easily advances into the neighboring cell. In sharp con-
trast, when misorientation is large, a higher value of the
applied stress intensity factor KI is required before the
crack can continue to advance. This phenomenon gives
rise to be characteristic step-wise shape of the fracture
resistance curve.

(d) When the advancement of a crack is stalled at a
colony boundary, a new crack is nucleated in the neigh-
boring colony and continues to grow with increasing
load. This is generally accompanied by formation of a
ligament between the main crack and the new crack in
the neighboring colony. The ligament bridges the two
cracks and it is its failure which entails higher level of
the stress intensity factor for crack advancement.

3.2. γ -TiAl + α2-Ti3Al material containing
stable β-phase precipitates

In this section, the results of the finite element analysis
of the mode-I fracture behavior of the γ -TiAl + α2-
Ti3Al material containing stable β-phase precipitates
are presented and discussed.

The normal stress σ22, the hydrostatic pressure −σh,

the equivalent plastic strain εp and the total lattice rota-
tion angle �ψ contour plots in the inner region of the
computational domain at the normalized stress inten-
sity factor KI/K α2

Ic0 = 4.0 are shown in Fig. 7a–d, re-
spectively. To enable a quantitative comparison of the
results shown in Fig. 7a–d with their counterparts for
the γ -TiAl + α2-Ti3Al material without β-phase pre-
cipitates, Fig. 4a–d, the same levels are assigned to be
minimum-value and the maximum-value contour lines.
For example, the minimum-value 2.30 × 108 Pa and the
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maximum value 1.9 × 109 Pa contour lines are used for
the normal stress, σ22.

A careful comparison of the results shown in Fig. 7a–d
with the corresponding results shown in Fig. 4a–d sug-
gests that the presence of stableβ-phase precipitates has
only a minor effect on the deformation fields analyzed.
The observations relating the location of the maximum
normal stress, σ22, and the tensile hydrostatic stress,
σh, nonuniformity in the extent of plastic deformation,
ε̄pl, throughout the computational domain and within
individual γ -TiAl + α2-Ti3Al colonies, etc. previously
made in connection within Fig. 4a–d, can still be made.
Among the noticeable difference, however, one may
note that the presence of more compliant β-phase pre-
cipitates reduces the extent of incompatibility in plas-
tic strain between the adjacent colonies. This, in turn,
results in somewhat more uniform distribution of the
lattice-rotation angle and the plastic strain within the
colonies near β-phase precipitates, Fig. 7c–d, in com-
parison to the ones observed in the β-phase precipitates
free material, Fig. 4c–d.

The crack path and the corresponding variation in
the crack extension, �a, with an increase in the ap-
plied normalized stress intensity factor, KI/K α2

Ic0, for
γ -TiAl + α2-Ti3Al containing stable β-phase precipi-
tates are shown in Fig. 8a–d, and Fig. 6b, respectively.
To enable a direct comparison with the correspond-
ing results for the β-phase precipitates free material
(Fig. 5a–d), the results shown in Fig. 8a–d are given at
the same four values of the applied normalized stress
intensity factor KI/K α2

Ic0 of: 0.77, 1.67, 2.53 and 4.0.
A comparison of the results shown in Fig. 8a–d with

their corresponding counterparts for the β-phase pre-

Figure 8 Crack trajectory at four levels of the normalized stress intensity factor KI/K α2
Ic0 of (a) 0.77; (b) 1.67; (c) 2.53; and (d) 4.00 in γ -TiAl + α2-Ti3Al

containing stable β-phase precipitates.

cipitates free material shown in Fig. 5a–d, indicate that
in the presence of β-phase particles, the crack still ex-
tends preferentially along the α2-Ti3Al planar surfaces
and also along the γ -TiAl + α2-Ti3Al colony bound-
aries which, at times, form ligaments separating delam-
inated α2-Ti3Al planar surfaces and the main crack. In
addition, since the resistance for material decohesion is
higher along the colony boundaries, the resulting frac-
ture resistance curve acquires the characteristic step-
like shape, Fig. 6b. The high-slope portions of the frac-
ture resistance corresponds to the gradual decohesion
of the colony-boundary ligaments, while the nearly hor-
izontal portion of the curve corresponds to the process
of linking of the main crack and the secondary cracks
ahead of it. It should be noted that, at the same level of
the applied normalized stress intensity factor, the pres-
ence of stable β-phase precipitates gives rise to a lower
extent of decohesion along the α2-Ti3Al planar surfaces
and γ -TiAl + α2-Ti3Al colony boundaries, and the ex-
tent of extension of the main crack is smaller.

3.3. γ -TiAl + α2-Ti3Al material containing
matastable β-phase precipitates

In this section, the results of the finite element analysis
of the mode-I fracture behavior of the γ -TiAl + α2-
Ti3Al material containing metastable β-phase precipi-
tates are presented and discussed.

The normal stress σ22, the hydrostatic pressure −σh,

the equivalent plastic strain εp and the total lattice
rotation angle �ψ contour plots in the inner region
of the computational domain at the normalized stress
intensity factor KI/K α2

Ic0 = 4.0 are shown in Fig. 9a–d,
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Figure 9 (a) Normal stress, σ22; (b) pressure, −σh ; (c) equivalent plastic strain, ε̄pl; and (d) total lattice rotation angle, �ψ , contour plots in the
γ -TiAl + α2-Ti3Al containing metastable β-phase precipitates at the stress intensity factor KI/K α2

Ic0 = 4.0. See Fig. 4a–c for the corresponding legends.

respectively. As previously noted in the case of
γ -TiAl + α2-Ti3Al containing stable β-phase precip-
itates, the presence of metastable β-phase precipitates
has only a minor effect on the deformation fields around
the crack tip, Fig. 9a–d. Also, the previously noted ef-
fect of precipitates on helping accommodate the plastic
strain incompatibilities between adjacent γ -TiAl + α2-
Ti3Al colonies is still evident in Fig. 9c and d, but is
almost identical to that caused by stable β-phase precip-
itates, Fig. 8c–d. The results shown in Fig. 8a–d appear
to suggest that the crack tries to avoid the beta phase
particles. A detailed examination of the results showed
that this is not a case of elastic interactions due to parti-
cle/matrix modulus mismatch but rather a consequence
of the fact that the crack chooses to propagate along the
surface subject to a maximum normal loading.

The crack path and the corresponding variation in
the crack extension with an increase in the applied

normalized stress intensity factor, KI/K α2
Ic0, for the

γ -TiAl + α2-Ti3Al containing metastable β-phase pre-
cipitates are shown in Fig. 10a–d and Fig. 6c,
respectively. The results shown in these figures indi-
cate that, as in the previous two cases, crack growth
takes place preferentially along α2-Ti3Al planar sur-
faces and γ -TiAl + α2-Ti3Al colony boundaries. The
colony boundaries, act as ligaments separating cracks
and provide higher resistance to crack extension giv-
ing rise to steep rises in the fracture resistance curve.
These findings are in a very good agreement with the
experimental observations of Chan and Shih [29] in a
two-phase lamellar TiAl + Ti3Al sheet alloy with an
average colony size of approximately 15 m.

A careful comparison of Fig. 10a–d and Fig. 6c
with their counterparts for γ -TiAl + α2-Ti3Al contain-
ing stable β-phase precipitates, Fig. 8a–d and Fig. 6b,
indicates that metastable precipitates are more effective
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Figure 10 Crack trajectory at four levels of the normalized stress intensity factor KI/K α2
Ic0 of (a) 0.77; (b) 1.67; (c) 2.53; and (d) 4.00 in γ -TiAl +

α2-Ti3Al containing metastable β-phase precipitates.

in hindering crack growth. This finding is consistent
with the experimental observation of Grujicic and Dang
[2] and can be ascribed to be effect of martensite trans-
formation in the metastable β-phase which, due to an at-
tendant positive value change, acts as a crack-tip tough-
ening mechanism.

4. Conclusions
Based on the results obtained in the present study the
following main conclusions can be drawn:

– In agreement with the experimental observations of
Chan et al. [27], the predominant fracture mecha-
nism in γ -TiAl + α2-Ti3Al fully-lamellar material
is decohesion alogn the planes parallel with the
α2-Ti3Al lamellae which gives rise to formation of
secondary cracks ahead of the tip of the main crack.
At higher applied loads, the ligaments separating
the main crack and the secondary cracks fail caus-
ing an abrupt crack extension. Ligaments failure
typically takes place along the γ -TiAl + α2-Ti3Al
colony boundaries.

– Failure of the ligaments separating cracks entails
a higher applied load. However, once a ligament
fails the main crack abruptly extends over the entire
neighboring colony (and frequently over more than
one colony) at an essentially constant level of the
applied stress intensity factor. This fracture mode
gives rise to a characteristic step-wise shape of the
fracture resistance curve.

– The presence of stable and metastable β-phase
precipitates has a minor effect on the deforma-
tion fields surrounding the advancing crack tip.

However, the presence of β-phase precipitates
which can undergo plastic deformation (and a
strain-producing phase transformation) enhances
damage tolerance of the γ -TiAl + α2-Ti3Al fully-
lammellar material. In other words, the extent of
growth of the pre-existing crack is smaller in the
material containing β-phase precipitates.

Metastable β-phase precipitates appear to have a
somewhat larger beneficial effect on fracture resistance
of the γ -TiAl + α2-Ti3Al fully-lamellar material than
stable β-phase precipitates. This finding is an indica-
tion of the transformation toughening effect arising
from a volume-enhancing martensitic transformation
in metastable β-phase precipitates.
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